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Correlation between B(E1, 1−1 → 0
+
g.s.) and B(E1, 3
−
1 → 2
+
1 ) values are considered within micro-
scopic QRPA approach. General arguments for a dependence of a ratio between these values on a
collectivity of the 2+1 and 3
−
1 phonons and ground state correlations are provided.
PACS numbers: 21.10.Re, 21.60.-n, 23.20.Js
Recently, impressive correlation between B(E1, 1−1 →
0+g.s.) and B(E1, 3
−
1 → 2+1 ) values have been reported
by N. Pietralla [1] from an experimental systematic.
Although the measured B(E1) values themselves vary
within two orders of magnitude for different medium-
heavy spherical nuclei, the ratio
R =
B(E1, 1−1 → 0+g.s.)
B(E1, 3−1 → 2+1 )
(1)
keeps practically constant and is close to one. In the same
paper it is shown that R = 7/3 if a simple bosonic phonon
model is applied to to describe the states involved. In this
Brief report we present a microscopic analysis of tran-
sition matrix elements under consideration and demon-
strate that 0 < R < 7/3 in any theoretical model based
on quasiparticle random phase approximation (QRPA)
approach if internal fermion structure of phonons is ac-
counted for.
Let us introduce a phonon operator (Q+λµ) with a mul-
tipolarity λ and projection µ to describe excited states
in nuclei as a superposition of different two-quasiparticle
configurations:
Q+λµ =
1
2
n,p∑
τ
∑
jj′
{
Cλµjmj′m′X
λ
jj′α
+
jmα
+
j′m′
− (−1)λ−µCλ−µj′m′jmY λjj′αj′m′αjm
}
. (2)
The quantity jm ≡ |nljm > denotes a single-particle
level of an average field and C is a Clebsh-Gordon coeffi-
cient. Quasiparticle operators, α+jm, are obtained from a
linear Bogoliubov transformation from the particle cre-
ation a+jm and annihilation ajm operators:
a+jm = ujα
+
jm + (−1)j−mvjαj−m
ajm = ujαjm + (−1)j−mvjα+j−m
where u2j and v
2
j are occupation numbers.
The properties of phonons of Eq. (2), i.e. their excita-
tion energies (Eλ) and the values of forward (X
λ
jj′ ) and
backward (Y λjj′ ) amplitudes are obtained by solving the
QRPA equations. We are interested here only in the first
collective QRPA solution, thus, index i which is often
used to distinguish phonons with a different excitation
energy will be dropped.
It is well-known that in spherical nuclei the lowest 2+
and 3− excited states have a practically pure one-phonon
nature while the lowest 1− one is a two-phonon state
which we describe by a wave function:
|1−1 µ1 >=
∑
µ2µ3
C1µ12µ23µ3Q
+
2+µ2
Q+3−µ3 | >ph
where | >ph is a wave function of a ground state of an
even-even nuclei, a phonon vacuum.
In terms of quasiparticles and phonons, a one-body op-
erator of an electromagnetic Eλ transition has the form:
M(Eλµ) =
n,p∑
τ
e(λ)τ
∑
jj′
< j||Eλ||j′ >√
2λ+ 1
×
{
(ujvj′ + vjuj′)
2
(Xλjj′ + Y
λ
jj′ )(Q
+
λµ + (−)λ−µQλ−µ)
+ (ujuj′ − vjvj′ )
∑
mm′
Cλµjmj′m′(−)j
′+m′α+jmαj′−m′
}
(3)
where < j||Eλ||j′ >≡< j||iλYλrλ||j′ > is a single particle
transition matrix element and e
(λ)
τ are effective charges
for neutrons and protons. The first term of Eq. (3) cor-
responds to a one-phonon exchange and it does not con-
tribute for transitions between the one-phonon 3−1 and
2+1 excited states and for a decay of the two-phonon 1
−
1
state into the ground state.
Applying exact commutation relations between pho-
non and quasiparticle operators:
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[αjm, Q
+
λµ] =
∑
j′m′
Xλjj′C
λµ
jmj′m′α
+
j′m′ ,
[α+jm, Q
+
λµ] = (−1)λ−µ
∑
j′m′
Y λjj′C
λ−µ
jmj′m′αj′m′
we obtain
B(Eλ1; [λ2 × λ3]λ1 → 0+g.s.) =
(2λ2 + 1)(2λ3 + 1)
(2λ1 + 1)
×
∣∣∣∣∣∣
n,p∑
τ
e(λ1)τ
∑
j1j2j3
(uj1uj2 − vj1vj2 ) < j1||Eλ1||j2 >
×
{
λ3 λ2 λ1
j1 j2 j3
}(
Xλ3j2j3 Y
λ2
j3j1
+ Y λ3j2j3 X
λ2
j3j1
)∣∣∣∣
2
(4)
for the E1-decay 1−1 → 0+g.s. and
B(Eλ1, λ3 → λ2) = (2λ2 + 1)
×
∣∣∣∣∣∣
n,p∑
τ
e(λ1)τ
∑
j1j2j3
(uj1uj2 − vj1vj2) < j1||Eλ1||j2 >
×
{
λ3 λ2 λ1
j1 j2 j3
}(
Xλ3j2j3 X
λ2
j3j1
+ Y λ3j2j3 Y
λ2
j3j1
)∣∣∣∣
2
(5)
for the E1-decay 3−1 → 2+1 , where λ1 = 1, λpi2 = 2+ and
λpi3 = 3
− .
Assuming Xλjj′ ≡ Y λjj′ and equal effective charges
(e
(λ1)
τ ) for both E1 transitions under consideration, Eqs.
(4,5) yield the value R = 7/3, the same as in a simple
bosonic phonon model [1]. In fact, the amplitudes Xλjj′
are always larger than Y λjj′ amplitudes. For example, in
models with a separable form of a residual interaction
they have the following analytical expressions:(
X
Y
)λ
jj′
(τ) =
1√
Yλτ
· f
λ
jj′ (τ)(ujvj′ + uj′vj)
εjj′ ∓ Eλ (6)
where εjj′ is an energy of a two-quasiparticle configura-
tion (α+j α
+
j′), f
λ
jj′ is a reduced single-particle matrix ele-
ment of residual forces, and the value Yλτ is determined
from a normalization condition for phonon operators:
〈|QλµQ+λµ|〉ph =
n,p∑
τ
∑
jj′
{
(Xλjj′ )
2 − (Y λjj′
)2} = 1 .
As we notice from Eq. (6), Xλjj′ and Y
λ
jj′ amplitudes al-
ways have the same sign for the first collective phonon
because Eλ < εjj′ . An approximation X
λ
jj′ ≈ Y λjj′ is
valid only when the phonon energy is very small as com-
pared to two-quasiparticle energies, i.e. Eλ << εjj′ , and
corresponds to extremely collective vibrations. Thus, the
value 7/3 should be considered as an upper unreachable
limit for the quantity R of Eq. (1).
Since it is always true that Xλjj′ > Y
λ
jj′ , all elements
of sum in Eq. (4) are systematically smaller than the
corresponding ones in Eq. (5) reducing the value of R
from the upper 7/3 limit. In spherical nuclei the excita-
tion energies of the lowest vibrational 2+ and 3− states
approximately equal to 2/3 of an energy of the lowest
two-quasiparticle configuration (ε(jj′)l). Keeping only
the main term in sums of Eqs. (4,5) we obtain the value
R ≈ 0.9. In fact, the quantity R should be somewhat
larger because the ratios X
2(3)
jj′ /Y
2(3)
jj′ for omitted terms
are smaller than for the main, X
2(3)
(jj′)l
/Y
2(3)
(jj′)l
, ones.
While R = 7/3 should be taken as an upper extreme
limit as discussed above, another extreme limit is R = 0.
It corresponds to a situation when the ground state of
the nucleus is considered as a non-correlated vacuum in
respect to phonon excitations. This is the case when nu-
clear excitations are treated within the Tamm-Dankoff
approximation (TDA) approach. Within the TDA the
nucleus ground state is supposed to be a quasiparticle
vacuum and the coefficients Y λjj′ ≡ 0. It means that a
direct transition [2+1 ×3−1 ]1− → 0+g.s. is completely forbid-
den (see, Eq. (4)). It is different in the QRPA approach
because a direct decay of a two-phonon state into the
ground state by means of one-body operator of electro-
magnetic transition takes place by a simultaneous anni-
hilation of a two-quasiparticle configuration of an excited
state and a virtual excitation of another two-quasiparticle
configuration in the correlated phonon vacuum. As for
the 3−1 → 2+1 decay between one-phonon states, one
quasiparticle in the 3− phonon simply re-scatters into
the 2+ phonon by means of an E1 operator. It means
that the last transition is allowed in second order pertur-
bation theory in both TDA and QRPA approaches.
The lower limit R ≈ 0 may be also approached when
Eλ ≈ ǫ(jj′)l . This is the case of non-collective excitations
when X(jj′) 6=(jj′)l , Y(jj′) 6=(jj′)l ≈ 0 and X(jj′)l >> Y(jj′)l .
It does not take place in atomic nuclei.
Thus, the experimental systematic in Ref. [1] for the
value of R ≈ 1 provides us an additional good evidence
that in spherical nuclei the lowest 2+ and 3− states are
good collective vibrators built on top of a correlated vac-
uum.
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